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Abstract 

We present an explicit parametrization of the families of lines of the Dwork pencil of quintic 
threefolds. This gives rise to isomorphic curves C±^ which parametrize the lines. These curves are 
125:1 covers of genus six curves C±ip. The are first presented as curves in P^xP^ that have 
three nodes. It is natural to blow up P^ xP^ in the three points corresponding to the nodes in order 
to produce smooth curves. The result of blowing up P^xP^ in three points is the quintic del Pezzo 
surface dPs, whose automorphism group is the permutation group 55, which is also a symmetry 
of the pair of curves C±ip. The subgroup .4.5, of even permutations, is an automorphism of each 
curve, while the odd permutations interchange with C-^. The ten exceptional curves of dPs 
each intersect the C^p in two points corresponding to van Geemen lines. We find, in this way, what 
should have anticipated from the outset, that the curves are the curves of the Wiman pencil. 
We consider the family of lines also for the cases that the manifolds of the Dwork pencil become 
singular. For the conifold the curve C^p develops six nodes and may be resolved to a P^ . The group 
.45 acts on this and we describe this action. 
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Is there any thing whereof it may be said, See, this is new? 
it hath been already of old time, which was before us. 

Ecclesiastes 1:10 



1. Introduction 

1.1. Lines on the cubic surface and quintic threefold 

This article concerns the hnes contained in the Dwork pencil of quintic threefolds. These 
manifolds, which we denote by M.^, are reahsed as hypersurfaces in by the quintics 
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"^^x^ — 5ip X1X2X3X4X5 = 0. (1.1) 

The study of the lines on quintic threefolds has a history going back to Schubert in the 
19th century, who calculated that the generic quintic contains 2875 lines, in fact Schubert 
performed the calculation twice, using different methods [1, 2]. The quintics of the Dwork 
pencil are, however, far from being generic and are known to contain continuous families of 
lines. 

Before summarizing the history of our understanding of lines on the quintic it might be 
useful to recall that this study began as a natural extension of the classical study of lines 

on cubic surfaces. These lines were discovered by Cayley and Salmon. The story is famous: 
Caylcy remarked in a letter that counting constants suggested a finite number, and Salmon 
gave immediately the number 27 in response to the letter. The results of this correspondence 
were published in 1849 [3, 4]. The configuration of the lines and their intricate symmetries 
have been of topic of fascination to algebraic geometers ever since. A classical source of 
information is the book of Henderson [5] . 

There are differences between the cubic and the quintic; in order to appreciate these let us 
recall the most elementary facts. The Fermat cubic in is given by the equation 
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E^' = 0- (1-2) 

r=l 

This surface contains the lines yr = {u, —uj^u,v, —uj^v), where ui denotes a nontrivial cube 
root of unity and 1 < j, < 3. By permuting the coordinates we find 27 lines that lie in the 
cubic and this is the total number. The beautiful and surprising fact is that if we deform 
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the cubic, the hnes deform with the surface so that there are always 27 hues. For a generic 
cubic it will be hard to see the hnes exphcitly. In fact C. Jordan [6] showed that the Galois 
group on which the determination of the lines depends is in general a simple group of order 
25,920 which can be identified with the Weyl group of the lattice Eq modulo its center. A 
modern reference for these results is [7]. 

For the Dwork pencil (1.1) the situation is already more complicated, even for the case of 
the Fermat quintic with ip — 0. For this case we may write down analogues of the lines that 
exist for the Fermat cubic 

= {u,-C''u,v,-C^'v,0) , 

with ( a nontrivial fifth root of unity and 1 < k,i < 5. By permuting coordinates and taking 
all values of k and i we find 375 such lines, which we will refer to here as the isolated lines^. 
Note that, since one of the coordinates vanishes identically, these hnes lie in for all ■0. 

There are other lines also. Consider those of the form 

xj = (u, -C'^u, av, bv, cv) with + + = . 

For given k, these give rise to a cone of hnes, that all pass through the point (1, 0, 0, 0), 
and are parametrized by the curve + &^ + = in P^. By counting the different values 
of k and the inequivalent permutations of the coordinates we see that there are 50 cones of 
lines. The cones contain the isolated lines. In fact, the isolated lines are the lines in which 
the cones meet. For example the cones {u, —u, av, bv, cv) and {au, bu, v, —v, cu) meet in the 
isolated line {u, —u, v, —v, 0). Each cone contains 15 isolated lines and meets 15 other cones 
in these lines. If two cones intersect, they do so in precisely one of the isolated hnes. 

In [8] it is shown that there are no further lines in A^q beyond the cones and the isolated 
lines and, furthermore, that, under a sufficiently general deformation, each isolated line 
splits into 5 lines and each cone breaks up into 20 discrete lines, yielding the correct total of 
50x20 + 5x375 = 2875 discrete lines. 

A quintic threefold deforms with 101 parameters, and for generic values of these parameters 
there are, as has been observed, 2875 discrete hnes. It is known, however, that there are 
families of quintic threefolds that deform with 100 parameters, for which the configuration 
of hnes is degenerate [9] . 

Let us return now to the one parameter family for 7^ 0. The manifolds of the Dwork 
pencil have a large group of automorphisms isomorphic to S^yiQ, where S5 is the permutation 
group acting on the five coordinates and Q = (Z/5Z)^ has the action 

5 

(xi, X2, X3, X4, X5) — > xi, C"' X2, C X3, Xi, C 3^5) with ^ = mod 5 . 

^These lines are often known as the exceptional lines, however, to refer to them as such here would invite 
confusion with the exceptional lines of the del Pezzo surface dPs, to which we shall make frequent reference. 
These lines are indeed isolated for V' 7^ 0, but, as we shall see, they lie in continuous families of lines for = 0. 



2 



In the 1980's one of the present authors (BvG) found special hues that he in the Aly,. These 
eponymous hnes are important in what follows so we shall pause, presently, to review their 
properties. For the moment wc simply note that there are 5,000 such lines, so since this 
number exceeds 2875, there must be, possibly in addition to discrete lines, a continuous 
family [10]. It was subsequently proved by Anca Mustata [11], using sophisticated methods, 
that, for ip ^ 0, M.^ contains two continuous families of lines, parametrized by isomorphic 
curves, C±, of genus 626, and the 375 isolated lines as the only lines that do not he in the 
continuous families. The genus 626 curves have Euler number % = 2 — 2x626 = —1250. It 
follows from the theory of the Abel-Jacobi mapping (see some further remarks in §1.5) that 
under a generic deformation, each of these curves gives rise to 1250 discrete lines, so that, 
all together, there are again 375 + 2x1250 = 2875 lines. 

One of our aims here is to parametrize the two families of lines, C±, explicitly. The surprise 
is that the explicit parametrization is not as complicated as might have been anticipated. 

1.2. The van Geemen lines 

If the Ai^ were to contain 2875 lines 'as expected' we would want to find the 2875 — 375 = 
2500 lines that are missing (assuming that the special lines arc to be counted with multi- 
plicity one). Now 1S5 has subgroups of order three, for example the subgroup that permutes 
(x2, 0:4, 2:5) cyclically (the reason for choosing this particular subgroup is to conform with a 
choice of parametrisation that will come later). The number of missing lines is not divisi- 
ble by three so some would have to be fixed (as lines but not necessarily pointwise) by the 
subgroup. This motivates seeking lines that are invariant under the proposed subgroup. 

The points that are invariant under the subgroup are of the form 

{a,d,b,d,d) , (0, 1, 0,a;,a;^) , (0, 1, 0, o;^, a;) . 

It is immediate that the plane (a, d, b, d, d) does not contain a line of and that the line 
passing through (0, 1, 0, a;,a;^) and (0, 1, 0, a;^,a;) does not lie in M.^. Consider however the 
line 

u (^1, d,b, d, d) + {v — du) (0,1,0, u!,u!^) = {u,v,bu,cu -\- ujv,—uj'^{cu — v)) , (1.3) 

where c — [1 — u)d. This line lies in provided 

3 1 

6 = -^7% c = -(l-a;)V'7 , (1-4) 

with 7 a solution of the tenth order equation 
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Given that the hnes (1.3), subject to (1.4) and (1.5) he in Al^ it is clear that so do hnes of 
the form 

(u, V, C~''~^bu, C''{cu + ujv), -C^uj'^{cu-v)j , (1.6) 

with C is a nontrivial fifth root of unity, 1 < k,i < 5, since these are images of the previous 
hne under the action of Q. The van Geemen hnes are the hnes that are equivalent to this 
more general form, up to permutation of coordinates. These, more general, lines are no 
longer invariant under the cyclic permutation of (a;2, 2:4, 2:5). However, since they are in the 
S^yiQ orbit of (1.3), which has an ^5 stabilizer of order three, the more general lines each 
have a stabilizer of order three. 

There are changes of coordinates that preserve the general form of a van Geemen line. Setting 
u = Cj'^^u/h effectively interchanges the u and hu terms by bringing the line (1.6) to the 
form 

^(^-k-^lu, V, u, (''{cu + cuv), -C^uj'^{cu - v)^ 

where 

6=^-^ = -^f and g = C^+^- = -(l-a;)^^ with 7 = C'^^^— , 

and in these relations 7 is another root of equation (1.5). 
If we return to (1.6) and write 

Vi — V , V2 — cu + ujv , V3 — —uj'^{cu — UJV) 

and change coordinates and parameters by setting 

then we have 

~ def ~ ^if ~ def ^ , ~ def O/- ~\ aA- 

Vi — V — V2 , V2 — CU + UV — Vs , V3 — —U [CU — V) — Vi 

and the effect of the coordinate transformation is 

{U, V,, C'-'bu, C%: C'vs) = {U, C%: C^-'hu, ^1, ('"'^2) ■ 

Note that the change in h and c is consistent with 7^7 = ^^^7 and 7 is another root 
of (1.5). In this way one may, in effect, rotate the quantities Vj cyclically, however we are 
left with two orderings of the Vj that cannot be transformed into each other. 

The counting is that, up to coordinate redefinitions, there are 10 ways to choose two positions 
for the components u and hu and a further two choices in the placing of the components Vj. 
There are two choices for u, five for 7, given 7^, and 25 ways to choose k and I. Thus there 
are, in total, 10x2x2x5x25 = 5,000 van Geemen lines. In this accounting we consider 
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(1.5) to be a quadratic equation for 7^ and we do not count the two roots separately since 
these are interchanged by the coordinate transformation that interchanges u and bu. The 
fact that there are 5,000 van Geemen hnes while "^{S^xQ) = 5!x5^ = 15,000 again implies 
(though one can also check this directly) that each of these lines has a stabilizer of order 
exactly three. 

Since the number of lines, if discrete, must be 2875, counted with multiplicity, the fact that 
5000 lines have been identified implies that, while there may be discrete lines, there must 
also be a continuous family of lines. 

If we pick a particular value for 7 and act with an element of Q as above on the line 

(u, V, bu, cu + (jjv, —ijp{cu — v)) 

and then set u = (~"''^u, v = C~"^^5 7 = (^"1-^2^ qj^^ make the corresponding changes 
b — ^2(ni-n2)^ ^ _ ^ni-n2g ^j^g^ -y^^g obtain the line 

{u, V, ("i-2"2+n3^^^ C^-'^^icu + uv), -C'~''^uj\cu-v)) . 

In this way we obtain 125 copies of a van Geemen line by acting with ^ on a particular line, 
provided that we understand Q to act on 7 as indicated. 

1.3. The Wiman pencil 

In 1897 Wiman [12] noted the existence of a remarkable plane sextic curve Co, with four 
nodes, that is invariant under the permutation group ^5. These automorphisms appeared 
the more mysterious owing to the fact that, of the 120 automorphisms, 96 are realised 
nonlinearly. The story was taken up by Edge [13] after some eighty years, who noted that 
Co is "only one, though admittedly the most interesting" of a one parameter family of four- 
nodal scxtics C(p on which the group ^5 acts. The action is such that the subgroup ^5, of 
even permutations, preserves each C^ while the odd permutations interchange C^ with C_^. 
The curve Cq is known as the Wiman curve and the one parameter family C^ is known as 
the Wiman pencil. Edge notes also that it is natural to blow up the plane in the four nodes 
of the curves. One obtains, in this way, smooth curves which, in this introduction, we will 
also denote by C<^. These smooth curves live in the quintic del Pezzo surface^ dPs. 

With our explicit parametrization of the families of lines C±, and benefit of hindsight, we 
find what should have been suspected from the outset: the curves C± are 125:1 covers of the 
curves C±^ of the Wiman pencil. Where the parameter (p is related to the parameter of the 

^There is difference in convention between mathematicians and physicists in writing dP„. A physicist 
tends to mean blown up in n points, in general position, while a mathematician often means the del Pezzo 
surface of degree n. In the 'mathematician's' convention, which we use here, the surface which results from 
blowing up P-^ in n < 8 points, in general position, is dPg-^. 
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quintic by 



2 32 3 



^5 4 

The remarkable action of on the curves of the Wiman pencil is seen to correspond to the 
symmetry of the configuration of the lines of the Dwork quintics. 



1.4. Layout of this paper 

In §2 we present the explicit parametrization of the families of lines. This gives rise to curves 
whose resolutions have 125:1 covers which parametrize the hues. The curves C^^ are 
first presented as curves in P^xP^ that have three nodes. It is noted that the two curves C° 
and C°(^ intersect in the three nodes and in 14 other points. Resolution of the nodes replaces 
each of the nodes by two points which continue to be points of intersection of the two curves. 
Thus there are 20 points of intersection and it is noted that each of these correspond to van 
Geemen lines. It is natural to blow up P^xP^ in the three points corresponding to the nodes 
in order to produce smooth curves C±^. While it is not the case that P-'^xP-'^ is P^ blown up 
in a point, it is the case that P-'^xP^ blown up in three points is the same as P^ blown up in 
four points, which is the del Pezzo surface dPs. We review the geometry of dPs in §3. The 
first fact to note is that the automorphism group of dPs is the permutation group S^. There 
is also an embedding dP5 ^ P^ which is useful owing to the fact that the 1S5 transformations 
become linear, as automorphisms of P^, in this presentation of the surface. The surface dPs 
has 10 exceptional curves. These are the blow ups of the four points of P^ together with the 
six lines that pass through the six pairs of points. Three of these exceptional curves resolve 
the nodes of C° and so intersect the resolved curve in two points. These points correspond, 
as noted previously, to van Geemen lines. The S^, automorphisms permute the 10 exceptional 
curves so we expect that each of the 10 exceptional curves of dPs will intersect C^p in two 
points corresponding to van Geemen lines. Checking that this is indeed so is the subject 
of §4. In order to properly understand the intersections of the exceptional curves with the 
we consider the Pliicker coordinates of the lines of the quintic and the embedding dPs ^ P^. 
We give also, in this section, a detailed discussion of the 125:1 cover C^p — )■ Cip. 

In §5 we turn to the form of the curves for the cases if)^ = 0,1, 00 that the manifold Ai^ 
either requires special consideration, for the case ip = 0, or is singular. For the conifold there 
are two values ip = ±5v^/2 which correspond to ip^ = 1. For these, we find that the curve 
develops six nodes and may be resolved to a P^. Thus is the union of 125 P^'s. The 
group v4.5 acts on each of these and we describe this action. 

A number of technical points are relegated to appendices. 
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1.5. The zeta function and the A and B curves 



It is of interest to study the manifolds M.^ of the Dwork pencil over the finite field ¥p. 
The central object of interest, in this situation, is the ^-function. For general iJj, that is 
7^ 0, 1, oo, this takes the form [14] 



20 _ , ,30 

P 



{l-T){l-pT){l-p^T){l-p^T) ■ 

In this expression the i?'s are quartic polynomials in their first argument and, here, p 
(= 1, 2 or 4) is the least integer such that p^— 1 is divisible by 5. The quartic Ri, for example, 
has the structure 

i?i(T,V) = l + ai(V')r + &i(V')pT2 + ai(V')p'T^+p'T^ 

with ai and bi integers that vary with ip G ¥p. The other factors R^ and Rb have a similar 
structure. The numerator of the ^-function corresponds to the Probenius action on H^{Ai'^). 
It is intriguing that these factors are related to certain genus 4 Riemann curves A and B. 
What is meant by this is that there is a genus 4 curve A, that varies with ip, with function 
satisfying 

^■^^^'^^ - (l-T)(l-pT) ' 
and there is an analogous relation for another curve B. The intriguing aspect is that the 
curves A and B are not directly visible in M.^. 

The theory of the Abcl-Jacobi mapping provides a context of explaining this phenomenon. 
More precisely, a loop 7 G -f^i(C-|-<^) determines a 3-cycle T^j) G /A^ which is the union of 
the lines corresponding to the points of 7. By duality one obtains a map a : H^{M.^) 
H^{C±if), whose kernel should have dimension 4 and giving rise to the factor Ri, whereas 
its image should correspond to the other factors of the numerator of the ^-f unction. How 
exactly the geometry of the A and B curves are related to will be described elsewhere 
and will not be pursued in this paper. 

We remark further that the map a has as Hodge-component a map 

Now the first space can be interpreted as the 101 dimensional space of infinitesimal deforma- 
tions of quintic Ai^, thought of as the space of degree 5 polynomials P modulo the Jacobian 
ideal. It follows from the work of H. Clemens that zeros of the holomorphic 1-form a{P) 
on C±^ correspond precisely to the lines that can be infinitesimally lifted over the deforma- 
tion of M.f determined by P. As the curves C±^ both have genus 626, a differential form 
has 2x626 — 2 — 1250 zeros. Thus we see that 2x1250 = 2500 lines will emerge from the 
C^, which together with the 375 isolated lines gives a total of 2875 lines that we find on a 
generic quintic. 
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2. The families of lines 



2.1. Explicit parametrization 

Suppose now that, for a line, no coordinate is identically zero. Each Xi is a linear combination 
of coordinates {u, v) on the line. At least two of the coordinates must be linearly independent 
as functions of u and v. Let us take these independent coordinates to be xi and X2 then we 
may take the line to be of the form 

X = {u, V, bu + rv, cu + sv, du + tv) . (2.1) 

The condition that such a line lies in the quintic imposes the following conditions on the six 
coefficients: 





6^ + + + 1 


= 




b^r + c^s + dH - bcd^lj 


= 


2(6V 


+ c^s^ + dH"^) - (cdr + bds + bet) ijj 


= 


2 {b'^r^ 


+ c^s^ + dH^) - {drs + bst + art) %[) 


= 




br'^ + cs'^ + dt'^ — rst ip 


= 




+ + + 1 


= 



(2.2) 



Although there are six equations, we will see that there is a one dimensional family of 
solutions for the coefficients. However, before coming to this, consider the special case that 
the coordinates Xj are not all linearly independent as functions of u and v. Such a case is 
equivalent to taking take r = 0, say, in (2.2). With this simplification it is straightforward to 
solve the equations and we find that this case corresponds precisely to the van Geemen lines. 

If we now seek lines that are neither the isolated lines nor the van Geemen lines then we can 
take all the parameters b, c, d, r, s, t to be nonzero and we also know that all the coordinates 
are linearly independent as functions of u and v. It follows that for a general line, one that 
is not a isolated line or a van Geemen line, that (2.1) is, in fact, a general form. The first 
two coordinates of a general line are linearly independent so we choose coordinates so that 
xi — u and X2 — v and then the remaining coordinates are linear forms as indicated. Note 
that we do not have to take separate account of permutations. 

In order to simphfy (2.2) it is useful to start by scaling the coefficients and the parameter 

b = cb' , d = cd' , r = sr' , t = st' , ip = cstp' . 

This removes c and s from the four central relations. Further scalings lead to additional 
simplification. This process leads to the following transformation of the variables and pa- 
rameter 

cs ~ 

r — SK , b — CKT , d — ckt5 , t — snrSa , ip — ip . 
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This has the advantage that, after cancellation, the equations become 

1 + c^[1 + kV(1 + 5^)] = 



1 + + 55(7t) 

1 + «:V(1 + 5W) 
1 + + 



■0 T 
1 



-0 (1 + r + (7r) 



^ (1 + cr + err) 



(2.3) 



cr 



l + s^[l + K^(l + 5W)] = . 

and depend on 5 and k only through 5^ and k^. Combining the second, third, fourth and 
fifth relations with multiples (1, —2, 2, —1) results in the cancellation of both the constant 
and dependent terms. In this way we find 

(l-r)(l-r + r^) 



(7t4(1-(7)(1-(7 + (72) ■ 

Solving the central four relations also for tc' and 0, we find 



(l-a)(l-a + (T2 



and 



(l-^)(l-r) 
1 — err + (J^T^ 



(2.4) 



(2.5) 



t(1 — crr)(l — err + cr^r^) 

Moreover the three relations in (2.4) and (2.5) exhaust the content of the four central equa- 
tions in (2.3). 

The first and last relations in (2.3) now give c and s in terms of cr and r. Finally, on 
substituting what we know into the relation 



0S 



we obtain a constraint F{a, t) — where 
F{a,T) = 32(7V'(1-(7)2(1-t)'(1-(7t)'- 

(l-(j+(j2)(l-r+r2)(l-crT+(jV)[l-r(l+(j)+r2(l-(j+(72) l-a{l+T)+a'^{l-T+T^^ 



(2.6) 



We are now able to give the lines in terms of cr and r. Let a{a,T) and /3(cr) be given by 
the relations 

a{a,Tf = a^{l-a){l-T){l-aT)\l-T{l + a)+T^{l-a + a^) 

P{af = (l-<7)(l-<7 + <7^). 
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Then we have 



Xi = a{a,T)u 

X2 — q;(t, a) V 

X3 ^-rlpia) (au + v) (2.7) 

X4 = P{o-t) {au + Tv) 

4 

X5 — —a^ (3{t) (u + tv) . 

Mustafa has show that the family of hnes has two irreducible components that are isomor- 
phic. This requires F to factorise and this is indeed the case. Setting 

and 

G = ScrV - -ar(l+(T)(l+T)(l+(TT) + (l-(T+(T2)(l-r+T2)(l-(TT+(TV) 

2 (2.9) 

H = (7t(1-(7)(1-t)(1-(7t) 

we have 

F ^-i/j^F+F^ with F± = G±(pH . 

The curves defined by the vanishing of F± {a, t) are smooth, apart from singularities at the 
point (cr, r) = (1, 1). Near (1, 1) we have the asymptotic form 

F±(l + ei, 1 + 62, V') ~ + 6162 + = (ei - ue2){e^ - 00^2) , (2.10) 

so these singularities are ordinary double points. The finite singularities of F are therefore 
(1, 1) together with the solutions of G = H = 0. 

The statement that (2.7) describes all general lines has the following consequence. Clearly if 
a line can be expressed in the form (2.7) then any permutation of the coordinates Xk yields 
another line so if the parametrization is general then there must be a reparametrization of 
(a, r) and (m, v) that yields this same effect. This is indeed so and the following table gives 
four such transformations that suffice to generate the permutation group on the Xk- 

The table gives the action of the ^5 generators on G and H. We see that the odd elements of 
the group interchange F+ with F_. So each of F± is preserved by the alternating subgroup A5. 
Since the odd group elements exchange F+ with F_ we see that the lines are parametrised 
by isomorphic curves. 

Among the permutations of the Xk there is a cyclic permutation of three coordinates which 
is of importance. The composition of the exchanges Xs •<-> ^5 and X4 •<-)■ x^ generates a cyclic 
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permutation of (xa, X4, X5). As an action on (cr, r) we have 

1 \ 



The action of is expressed most symmetricaUy by setting p = I far, so that par = 1, then 
(73 permutes (a, r, p) cychcally. We may rewrite the polynomials G and if so as to make the 
symmetry under manifest. We have 

= 3-l{l + a){l + T){l + p) + {l-a + a'){l-T + T'){l-p + p') 

(2.11) 

^ = -(l-a)(l-r)(l-p). 



2.2. The curves in P^xP^ defined by F± 

We have found curves in defined by F± = whose coverings parametrize lines on A^^, 
with parameters related by (2.8). Let us denote the locus F+=0 by C°, the locus F_=0 is 
then CO^. 

Compactifying to P^xP\ we obtain a (singular) projective curve of bidegree (4,4). To 
be explicit, this singular curve is the subset 

I ((ai : ^2), (n : r^)) G P^ x P^ : {^^/y^ = | . 

The points at infinity are on the hues {00} xP^ and P^x{oo} (we write 00 for (1 : 0) e P^): 

(00, -a;) , (00, -a;2) , (00, 0) , 
(—a;, 00) , (— a;^,oo) , (0,cx3) . 

By means of a Grobncr basis calculation, one finds that, for the case that M.^^, is smooth, 
that is ip^ ^ 1,00, the curves each have three singular points, (cr, r) = (1, 1), (0,oo), (00, 0). 
The genus of a smooth bidegree (rf, d!) curve is {d — l){d' — 1), so if the curve were smooth 
it would have genus 3x3 = 9. Owing to the singular points, its desingularization has genus 
at most 6. The singular points are all related by the operations of Table 1 and (2.10) shows 
the singular points to be ordinary double points, hence the genus of the desingularization 
is 9 — 3 = 6. Consider now the following hst of the 17 points in which the curves intersect 
(we aV)use notation by not distinguishing between the curve in and its compactification 
in P^xPi). 

(0,00), (00,0), (1,1), 
(0,-a;), (0,-a;2), (1, -w) , (l,-^;^), (-a;, -a;^) , (-a;,oo), (-a;2,oo), 
(-a;,0) , (-a;^0) , (-a;, 1) , (-^^^ 1) , (00, -(j) , (00, -a;^) . 
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generators 



{a, t) transf. 



{u, v) transf. 



effect on 
coords. 



effect on {G, H) 



r, cr 



(t", u) 



Xi -H- X2 

.7' 3 ^ .T'r, 



1 1 



a T 



-l)5(c7r)s [v, u) 



Xi •<-)■ X2 



{G-E) 



(JT 



\ — or 

1 -T 



, 1-r 



( — (76 —a 5 t)j 



(1 — r) (ou + f ) (1 — ar) s v 



0:4 ^ X5 



•<->■ X3 



{G-E) 



T 

1-r 



Table 1: T/ie action of four operations, on the coordinates and on the F±, that generate S5. 



Van Geemen Lines 



(c*, n) 



T for (7 = cr* + e 



Line 



(0. -io) 



cu 



U; v., —u^icu—v), cu+ujv. hu 



(1, -UJ) 



1 ! 

£5 



£6 



CU+UJV u'^[cu—v) 



(1— a;2)5e5 (1— w^^g^^ 



cu+ujv,—oj {cu—v),bu,v,u 



(1, 1) 



l+w^e+(a;+97^)e2 



ojcu (ojcu—v) ujcu (ojcu—v) 



6 

£5 



2£! 



6 

£5 



2£E 



-—6 I ) ^ I 

£s 2£5 £5 zes 



hu, u, V, —oj^{cu—v), cu+iuv 



u, bu, V, cu+LOV, —u?{cu—v) 



Table 2: The limiting process that gives rise to the van Geemen lines. 
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oo 



oo 






r. _ — 1 
\ ^ 


f 


V J 


^ X 


I 




r 




J 


I J 




\ — s. 

\ ^ 


r \ 


r 


oo 1 


J 


I J 

1 


1 

o 





o 





o 


X, 




o 


o 



oo 




oo 







1 




Figure 1: These are plots of the curves = 0, in red, and F_ = 0, in blue, for real (a, r) as tp^ 
ranges from to 1. The diagram is misleading with respect to the points (1,1), (0, oo) and (oo, 0) 
which lie on the curve for all ip but for V' 7^ the neighborhoods of the curve on which they lie 
intersect the plane on which {a, r) are both real only in points. The figures show also the images 
of the 10 exceptional curves of dP^. These are the 3 points (1,1), (0,oo) and (oo,0) together 
with the 7 lines (7 = 0, l,oo, r = 0, l,oo and ar = 1. After resolution, the exceptional curves 
corresponding to the points (1, 1), (0, oo) and (oo, 0) intersect each of the curves F± = in two 
points. So too do the other exceptional curves, though the intersections are in complex points 
not visible in the figure. The resolved curves are smooth apart from the cases = 0, l,oo. As 
ijj ^ the curves tend to the exceptional lines of dP^ and, as ip ^ 1, the curves F± = each 
develop 6 nodes corresponding to the limiting points shown in the final figure. 
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The list of the points of intersection includes the three points, just discussed, in which the 
curves are both singular. Note that these points do not depend on (/?. 

We know that at least some of the van Geemen lines must lie in the continuous families. 
Indeed, Mustafa has shown that they all lie in the continuous families, since the only isolated 
lines are the 375 lines that we have identified as such. The van Geemen lines are, however, 
not easy to see from the parametrisation (2.7). It is a surprising fact that these lines appear 
precisely as limits, as we approach the points in which the curves intersect. For the 
points (0, — cj), {1,—u), (— cj, — w^) and the singular point (1,1), this resolution is given 
in Table 2. All the other resolutions may be obtained from these by acting with the 
operations of Table 1. Each of the nonsingular points of intersection (a*, r*) gives rise to two 
van Geemen lines, one in each of the families. The two possible values 



self intersection so the resolution produces two lines for each curve, again the two choices 
for 7^, as above, correspond, respectively, to the two curves C^^. In this way we find 
14x2+3x4 = 40 lines which become 40x125 = 5000 lines under the action of Q. Thus we 
have found all the van Geemen fines as resolutions of intersection of the curves C^^. 

The appearance of fiftfi roots in (2.7) indicates tfiat we fiave to allow for different brancfies 
and the effect of fifth roots of unity. In (2.7) we have to choose a fifth root of unity for each 
of a, T, a((T, r) and f3{a). This might suggest a Z| covering, however multiplying all the 
coordinates xj by a common factor is of no consequence, so there is in fact a Z| covering 
and we can allow for different branches of solutions by acting with ^ on a given branch. 
Somewhat surprisingly monodromy around the singularities of F± does not generate Q. 
Instead the monodromy simply multiplies all the components Xj of a line by a common 
factor of ('^ for some k. Thus there is no local ramification of the solution. We will give a 
better description of the 125:1 cover in §4.2. 

2.3. A partial resolution of the singularities of C° 

We have seen that the curves C° have three singular points. We wish to resolve these 
singularities. It is interesting to note that two of these singularities can be resolved very 
naturally. It was remarked previously that by introducing a new parameter p, subject to the 
constraint par = 1, the equations F± — can be written, as in (2.11), so as to be manifestly 
symmetric under an subgroup of the permutation symmetry. Once wc introduce p, we are 
dealing with the nonsingular surface par = 1 embedded in (P^)^. If written in homogeneous 
coordinates, this surface is given by the trilinear equation 




correspond, respectively, to the two curves . For the three singular points each curve has 



C^lTiPi = (72T2P2 ■ 



(2.12) 



14 



The vanishing locus of a nonsingular trihnear polynomial in (P^)^ is isomorphic to the 
del Pezzo surface dPe, which we may think of as blown up in three points. Two of 
these blow ups resolve the singularities at (cr, r) = (0, oo) and {a, r) = (oo, 0). Consider the 
first of these singularities. In homogeneous coordinates the location of the singularity is 

((ai,a2), (ri,T2)) = ((0,1), (1,0)) . 

For these values (2.12) is satisfied for all values of (pi,p2), so the singular point has been 
replaced by an entire P^. A Grobner basis calculation shows that the curves defined by 
F± — are now only singular at the point {a,T, p) — (1, 1, 1). 

The surfaces dPe, P^xP^ and P^ are all toric and it is clear from their respective fans that 
dPg is obtained from P^ by blowing up three points and may also be obtained from P^xP^ 
by blowing up two points (for the relation between the blow ups of P^ and P^xP^ see §6.3). 
Since wc wish to resolve the remaining singularity of the curves F-j. = 0, it is natural to blow 
up one further point. This brings us to a consideration of dPs. 
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3. The quint ic del Pezzo surface dP5 

3.1. Blowing up three points in P^xP^ 

The curves in define singular curves of bidegree (4,4) in P^xP^ which in general have 
three ordinary double points in (a, r) = (1, 1), (0, oo), (oo, 0). The blow up of P^ xP^ in these 
three points is the quintic del Pezzo surface dP^. 

The blow up is given by the polynomials of bidegree (2, 2) which are zero in these three 
points (see Section 6.1). The polynomials of bidegree (2, 2) are a 9 = 3^-dimensional vector 
space with basis erf (T2TfT|, a + b — 2 — c + d. The blow up map can thus be given by 

^:pixpi->dP5 (CP'), {a,r) ^ {zo,...,Z5) , 
with the 6 functions (written inhomogeneously for simplicity): 

Zq :— cr^T^ — 1, Zi :— crr^ — 1, Z2 '■— o^r — 1, 2^3 := or — 1, z^:— r — 1, z^:— a — 1. 

The image of P^xP^ is dP5, in its anti-canonical embedding into P'. To find the inverse, 
notice that {zj, — z^, Z4) — (err — a,T — 1) = (cr, 1) in P^. Thus the inverse map $, which is 
everywhere defined, is given by 

$ : dP5 — S> P^ X P\ z:^ {zq, . . . , Z5) 1 — > ((^3 - Z5, Z4), {Z3 - Z4, ,25)) 

(one should notice however that this formula for $ only works on an open subset of dPs, 
using certain quadratic relations between the Zi which are satisfied on dPs, one can extend 
$ to all of dPs). 

The surface dPg C P' is defined by 5 quadratic equations. An example of such an equation 
is 

go = , with Qo := {zi - z^ijz^ - {z2 - ^3)^4 , 

in fact (^{ar^ - 1) - {ar - 1)) (a - 1) = (^(aV - 1) - (ar - 1)) (r - 1). 

The image of the curve C° is defined by an additional quadratic equation, which we will 
discuss in section 3.4. 

3.2. Automorphisms of dPs 

As we will recall below, the group of automorphisms of the algebraic surface dP5 is ^5. The 
action of S5 on P^ x P^, given by the birational transformations given in the previous section, 
induces these automorphisms on dPs. The automorphisms of dPs act linearly on the Zi^s 
(since they are the sections of the anti-canonical bundle of dPs). Thus we get a much simpler 
description of the S5 action. 
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We will now determine the matrices of the four elements in S5 given in Table 1. One should 
notice that, for example, {zq, . . . , 2^5) and {—Zq, . . . , —z^) define the same point in P^, but 
they are distinct as points in C^. To obtain a linear representation of S5 on one has to 
make the choices we give below. 

The element (12) (35) acts as ((7,r) (t,(t) on P^xP^ and as 
(12)(35) : z I — > {-zo, -Z2, -zi, -Z3, -Z5, -Z4) 

on C^. Notice that the trace of (12) (35) on is —2. The second permutation is (12) which 
acts as (o", r) 1— )■ ((T~^,r~^), so as (((Ti,(J2), (ti,T2)) ^ ((c2,a"i), (t2,Ti)) in homogeneous 
coordinates. This gives the map, with trace zero, 

(12) : Z I > { — Zq, —Zo + Z5, —Zq + Z4, —Zq + Z3, —Zq + Z2, —Zq + Zi) . 

The permutation (45) acts non-linearly, (cr, r) i->- ((T~^,(7t), substituting this in the polyno- 
mials Zi and multiplying by —a gives the action on C^: 

(45) : Z I )■ { — Zi + ^5, —Zq + ^5, —^4 + ^5, —^3 + Z^^ —Z2 + Z^^ Z^) . 

Finally we have (13) acting as (cr, r) i-^ ((1 — err) (1 — r) , 1 — r) , substituting and multiplying 
by (1 — t)/t gives the linear map: 

(13) : Z I > {-Zq + Z2 + 2zz - 2^5, -Zi + 22^3 + 2^4 - Z^, Z2 - 2^5, Z^ - Z5, Z4, -Z5) . 

We have verified that this gives indeed a linear representation of ^5 on C^. Computing 
the traces and comparing with a character table of S5 (see section 3.4), we find that this 
representation is the unique irreducible 6-dimensional representation of Sq. 

3.3. Exceptional curves in dP5 

We obtained dPs as the blow up of P^ x P^ in the three points (1,1), (0, 00), (00, 0). Thus on 
dPs we have three P^'s, the exceptional curves over these points. These are lines in P^ lying 
on dPs- To find them, it suffices to find just one and then apply suitable elements of to 
find the others. The points (a : b) on the exceptional curve over (1, 1) are the limit points of 
the image of (cr, r) = (1 + ea, 1 + eb) for e — )■ under the blow up map. One finds the line 

E12 : (2a + 26, a + 26, 2a + 6, a + 6, 6, a), (a, 6) e P^ . 

In fact, ^(^12) = {{a + b - a,b), {a + b - b, a)) = ({b, b), (a, a)) = ((1, 1), (1, 1)) which is 
indeed (1, 1) in inhomogeneous coordinates. Prom equation (2.10) we infer that the (strict 
transforms of the) curves C° intersect £'12 in two points, independent of </?, which correspond 
to {a : b) — ((a;, 1), (a;^, 1)). In the following we shall give parametrisations of the other 
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Exceptional curves in dPs 


Name 


Parametrization 


Image in x 


Special points 




(2a + 2b a + 2b 2a + b a + b b a) 


(1 1) 


sinffiilar noint 

l_J XXX L L X X XXX u 


^lo 


(a b 0) 


T — 00 


i — ui ool f — up' ool 




(0 a b) 

7 7 7 7 / 


Coo 0) 


sinEnilar noint 

kjxxxc^ uxcvx Lyvyxxxu 




( n n n n b nA 


cr = 


fO -w) fO -u"^) 


-E'23 


I (7, (7, (7, (7, 0, ft 1 


T = 




£"oi 


(O.rt. 0.0.6.0) 


(0. oc) 


singular ])oint 


E25 


(0,0,6,0,0,0) 


0" = 00 


(00, —a;), (00, — cu^) 


E34 


(a, 6, a, 6, 0, 6) 


r - 1 = 


(-^,1), {-u:\l) 


E35 


(0, 6, a, 0, b, a) 


(7T - 1 = 


(-a;,-a;2), (-a;^ -a;) 


E45 


(a, a, 6, b, b, 0) 


(7-1 = 


(1,-a;), (l,-a;2) 



Table 3: The ten exceptional curves in dP^, showing their images in and inP-^xP-^. 
The table also gives the points in which the divisors meet the curve C^. 



exceptional curves. In each case, the parameters (a, b) will be understood as the coordinates 
of a P^ 

One verifies that this fine is mapped into itself under the action of (12), (34), (45) e S^, which 
generate a subgroup of order 2x6 = 12 in S^. Acting with elements of 55 on £'12 produces 
9 other lines, which are denoted by Eij — Eji, 1 < i,j < 5 and i ^ j, compatible with the 
action of 

We now discuss some of these lines in dPs and their source in P^ x P^. The fine in dPs which 
is the exceptional curve over (0, 00) can be found with a limit as above and it is 

E24 : (0, a, 0, 0, b, 0) , 

again one verifies easily that $(£;24) = ((0-0,6)), (0-6,0)) = ((0,1), (1,0)) which is (0,oo). 
As (12) (35) permutes a and r, and thus (0, 00) and (00, 0), the exceptional curve over 
(00, 0) is 

£^14 : (0, 0, a, 0, 0, 0, 6) . 
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The rulings (1,1) xP^ and P-'^x(l,l) passing through (1,1) are also mapped to lines, for 
example, in inhomogeneous coordinates: 

*(1, a) = (a^ - 1, - 1, a - 1, a - 1, a - 1, 0) = (a + 1, a + 1, 1, 1, 1, 0) , 

which shows that the curve defined by cr = 1 maps to a line, which is £'45, on dPs: 

£^45 : {a + b, a + b, b, b, b, 0) . 

Similarly, the curve t — 1 (obtained from the first by (12) (35) G ^5) maps to the line 

E34: : {a + b,b,a + b, b, 0, b) . 

In this way each of the three points (1, 1), (0, 00), (00, 0) provides us with three lines on dP^, 
so we already have 9 lines. For example, the curve r = 00 maps to the line 

: (a, b, 0, 0, 0, 0) . 

A final 10th line is given by the image of the unique curve of bidegree (1,1) passing through 
these three points. Its equation is (TiTi — (72T2 = 0, i.e. ar — 1, so it can be parametrized by 
(a, a~^) and its image under ^ is 

*(a,a"^) = (0, a"^ - 1, a - 1, 0, - 1, a - 1) = (0, 1, -a, 0, 1, -a) . 

Thus we have found the line 

E35 ■ (0, b, -a, 0, b, -a) . 



3.4. The curves and the Wiman pencil 

We will use representation theory of S5 to find the equations of the curves C^. 

The coordinates on are zq, . . . , Z5 and the action of ^5 on these coordinates was given in 
section 3.2. Comparing the traces with Table 4, we find that the linear functions are in the 
unique 6-dimensional irreducible representation of S5. The 21-dimensional representation 5*2 
of S5 on the quadratic functions ZiZj has character X2 given by X2ig) — (x(fl')^ +x(fl'))/2, 
where x is the character of S5 on the linear functions. Decomposing it into irreducible 
characters one finds: 

5*2 = l®lbe4®2-5®5b. 

Let GziHz e I2 be polynomials which span 1 and lb respectively. Thus Gz is <S5-invariant 
and hence = defines a curve in V5. Similarly, as gHz — e{g)Hz, where e{g) is the sign 
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Characters of ^5 




e 


(12) 


(12) (34) 


(123) 


(1234) 


(12345) 


(123) (45) 


1 


1 


1 


1 


1 


1 


1 


1 


lb 


1 


-1 


1 


1 


-1 


1 


-1 


4 


4 


2 





1 





-1 


-1 


4b 


4 


-2 





1 





-1 


1 


5 


5 


1 


1 


-1 


-1 





1 


5b 


5 


-1 


1 


-1 


1 





-1 


6 


6 





-2 








1 






Table 4: The character table of S5. This proves useful in identifying 
the image of C^p in . 



of the permutation g, the curve i^^^ = is iSs-invariant. Such polynomials can be found as 
g{zoZi) and e{g)g{zoZi), where the sum is over all g G 1S5. To relate these polynomials 
in the Zi to those in a, r, recall that the Zi correspond to a basis of the polynomials of bidegree 
(2, 2) which vanish in (1, 1), (0, 00), (00, 0). More precisely, using the map "if, we have 

**(^o) = (tV-I, ^*{z5)^a-l. 
The unique ^5 invariant quadratic polynomial is: 

Gz '■— 2^0 — 2zoZi — 1zqZ2 — ^iZqZs + ZqZ4 + ZqZ^ + 2zf + Z1Z2 — 22^1 2^3 

— 2^1 2^4 + 22^2 ~ 22^22:3 — 22^22^5 + 62^3 — 22;32;4 — 22^32:5 + 22;^ + 2^42^5 + 22^5 , 
and we have verified that 

^*Gz := G,((7V2 - 1, . . . , (7 - 1) = G{a, r) . 
Similarly, the unique quadratic polynomial invariant under ^5, up to a sign, is 

Hz := -(— 22^02:3 + 2:02:4 + 2:02:5 — 2:12:2 + 22:12:3 + 22:22:3 — 22:32:4 — 22:32:5 + 2:42:5) , 
and one finds that 

^*Gz = H{a,r) , 
where, in the above, G{a,T) and H{a,T) are the polynomials (2.9). 

The curves C° in x which have equation F+ = G + ^pH — are thus the images under 
the blow down $ : dPg P^ x P^ of the curves G^ in dP5 defined by Gz + ^pHz = 0. This 
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pencil of curves {C(^}^gpi is known as the Wiman pencil. The curve Co, defined by — 0, 
is smooth and has automorphism group S^, and is known as the Wiman curve. 

The curves have a 125:1 cover C<^ which parametrizes fines on the quintic threefold M.^ 
Dwork pencil, where </? and are related as in Section 2.1. We will turn to this covering in 
section 4.2. 

We conclude with one final remark on the curve defined hy — Q in dPs. The 
homogeneous polynomial defined by H of must be of bidegree (4,4), so besides the 5 factors 
in the dehomogenized equation, we should take into account two more: 

H{ai, (72, Ti, T2) = CriTi(r2 - Cri)(s2 - Ti){a2T2 - (TiTi)a2T2 

Thus the curve H = actually has 7 irreducible components which all map to lines in dPs 
as we observed earlier. Moreover, H = passes through the three points which get blown 
up. In fact one can check (see also §6.1) that the curve = in dPs has 10 irreducible 
components, which are the 10 lines in dPs, each with multiplicity one. 

On each of the 10 lines in dPs there are two points which correspond to van Geemen lines. 
Each line is invariant under a subgroup of order 12 of S5 and these two points are the fixed 
point set of any of the two elements of order three in the subgroup. 
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4. A second look at the curves parametrizing the hnes 



4.1. The Pliicker map 

The explicit parametrization of the hnes in the Dwork pencil was given in Eq (2.7). We will 
now study their Pliicker coordinates, which will be the key to understanding the 125:1 cover 



Given a line / in P*^ spanned by two points x = (xi, . . . , 0:5) and y = . . . , 1/5), its Pliicker 
coordinates Tiijil) = —T^jii}) are defined as: 



The 10 Pliicker coordinates 'Kij{l) with 1 < i < j < 5, viewed as projective coordinates on 
P^, determine I uniquely. 

The van Geemen lines given in equation (1.6) are spanned by the rows of the matrix (the 
first corresponding to the point with [u, v) — (1, 0) and the second to {u, v) — (0, 1)) 



One notices that ttis = 0, and that the other TTjj are non-zero. Recall that these lines are 
invariant under the cyclic permutation of (x2,X4,X5). As the other van Geemen lines are 
obtained from this one by the action of the group jSsXI^, we conclude that a van Geemen 
line has exactly one Pliicker coordinate TTjj which is zero, the indices ij are such that the 
stabilizer of the line is conjugated in 55X1^ to the cyclic subgroup generated by {klm) e 
where {i, j, /c, /, m} = {1, . . . , 5}. 

These indices i.j can also be obtained as follows. The point on C^p determined by such a 
line lies on the intersection of this curve with the line Ep^ on dPs and the sets of indices 
and {p^q} are the same. We will now see that, conversely, a line in the Dwork pencil 
for which one of the TTjj is zero are is a van Geemen line. 

The elements of the group Q acts by multiplying the coordinates Xi, . . . , 2:5 of P'^ by fifth roots 
of unity. Hence the induced action of Q on the Pliicker coordinates is also by multiplication 
by fifths roots of unity. The fifth powers 7r| of the Pliicker coordinates are thus invariant 
under Q and hence functions on C^, more precisely, the quotients Tiij/fipg define meromorphic 
functions on C^. These functions are easy to find. 

The Pliicker coordinates of the hnes parametrized by the 125:1 cover of in (2.7) are the 
determinants of the 2x2 minors of the following matrix: 




l^{x,y) CP^ 
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Prom this we compute for example, with /3{ay — {1 — a){l — a + cr^): 

TT^g = (^T^/5/3(a)a-a^/^/3(T)r-a^/^/3(T)-T^/'/3(a))' = a\^P{af/3{rf{aT-l)^ . 

In this way we get 10 polynomials in a, r of rather high degree, but they do have a common 
factor, which is: 

The quotients Trfj/pc can be homogenized to polynomials of bidegree (6, 6) in ui, (72 and ti, T2: 

Pij{(Ti,a2,Ti,T2) := (cT2r2)'^(7rJ/pc)(o-i/cT2,ri/r2) . 

These Pij are reducible. Their irreducible components can be used to define meromorphic 
functions on with quite interesting zeroes and poles as we will see in the next sections 
and in the Appendix. 

We introduce some notation for the irreducible components of the pij. The polynomial 
defining the curve in P^xP^ which maps to the line Eij on dPs is denoted by rriij, and we 
give them in Table 5. We have two polynomials, of bidegree (2, 0) and (0, 2) respectively, 

; 2 I 2 ; 2 I 2 

tl := (Ti— (Ti(72 + (72, l2 — T1T2+T2 

which are reducible (/i = {ai+u!a2){cri + u!^a2) ) and k = intersects the curve C° in special 
points corresponding to van Geemen lines. 

The intersection of C^p with another curve is written as a divisor UpP, which is a formal 
finite sum with P & and Up G the intersection multiplicity. We write Dij — Pij + Qij 
for the divisor given by the pair of special points on which correspond to the van Geemen 
lines indexed by ij. Thus if ij — 45, we can take Pij — (1, —ou) and Qij — (1, —ou^), viewed 
as points on the smooth model of C^. In case ij = 12 we take the two points of which 
map to the singular point (1, 1) of C°. On dP5, these divisors are the intersection divisors 
of and the lines Eij-. 

Dij := C^p n Eij . 

However, pulling back the divisors rriij = 0, we do not get the divisors E^j, but we also get 
contributions from the singular points. In Table 5 we give the precise results. 

With this notation, table 3 shows that 

{h = 0) n - + D23 + Du + , 
applying (12) (35) G 1S5 one obtains {I2 = 0) fl C^. 

Pinally there are three polynomials, of bidegree (2, 2), which turn out to be reducible. The 
first is 

ku '■= ctItI - ajTiT2 + ajT2 - cria2TiT2 - (Tia2r| + C72r| 

= (cTiTi + J^axT2 + U;(72T2) ((7iTi + UGxT2 + a;^(72T2) . 
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Curves and intersection divisors with 


Name 


Defining polynomial 


Intersection with 


' ^iz 


(J?T? — (Ji (JoT^ To + (JnTn 

11 J_ Z J_ z ' 2i 2i 


-Ds4 + Da^ + SDiA + 3DoA 

04i: 1 41:0 ' 1"* 1 ^ Z"* 




To 


DlQ + DoA 

10 ' Z4t 


k^A 


fcTiTi + a;^(7iT9 + a;(T9T9V(TiTi + UJ(7^T9 + a;^(79T9) 

y ^ X X ' ^ X Z ' Z Z/\ X X ' X Z ' ^ Z Z / 


Dm + -Do's + 3£)i2 + 3£)94 


' ' ±0 


(J1 


D^^ + £)o4 




Tl 

' 1 


DoQ + D^A 


k-n 




+ ^15 + 3Di2 + 3Dii 




(Jo 


D14 + -Dors 


m-iA 


Tl — T9 

'1 ' z 


£)l2 + -D,4 

IZ 1 0^ 




(7iTi - Cr2T2 


^12 + ^14 + i^24 + i^35 


m45 


CTi — (72 


i^l2 + i^45 


h 


— criO-2 + 


^13 + ^23 + ^34 + ^35 


k 


Tf - T1T2 + t| 


Di^ + D)25 + D)35 + D)45 



Table 5: T/te meromorphic functions on that arise as 
irreducible factors of the quantities irfj/pc discussed in §-^.-Z. 



The first factor defines a curve in P^xP^ which can be parametrized by 

{s,t) ^ ((ai,a2), (ti,T2)) = ({-oot^uH + s), , {s,t) e P^ . 

The intersection of this curve with C°, which is defined by F+ = 0, is obtained from 

F+{{-ujt,ujH + s), (s,t)) = {2cp-2uj-l)st^{s-tf{s + ujH) . 

One finds the points {—ou^, 0), (00, —ou^), which are in the divisors -D23 and -D25 respectively 
with multiplicity one and the singular points (0,oo) and (1, 1) with multiplicity three. So 
the curve must be tangent to one branch of C° in these points. The equation of the other 
factor is the complex conjugate, so we conclude that 

{ku = 0) n = D23 + D25 + 3^24 + 3Di2 . 
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Factorization of the pij := T^fj/Pc 


Name 


Factorization 


Name 


Factorization 




m34 777,35 ^45 ku /C24 


P24 


77713 ^1^15 ^1^35 ku ku 


Pl3 


777^3 77725 "745 ^24 ^1 


P25 


77713 TTltz ^14 ^2 


Pu 


r7723 ^7725 ^35 ku /C24 


P34 


77715 rn25 171^4 ki2 h 


Pl5 


777^5 77723 "^34 ^24 k 


P35 


777^5 h I2 


P23 


17115 ?7723 "^45 ^14 ^1 


P45 


mi3 77723 /Ci2 ^2 



Table 6: Factorizations of the pij in terms of the functions of the previous table. 
The other two polynomials are 

7 22 222 222 

K24: '■— CTl'T'l — 0'ia2Ti + (T2T1 — (T\(T2T\T2 — (Jl(J2'?'i + CT^T^ 

which is obtained from by (cri,(T2) <H- (Ti,r2), i.e. by applying (12)(35) in ^5, and 

kl2 (^Irl - (Ti(T2TiT2 + (tItI = (cTiTi + a;(72T2)((7iTi -\-UJ^(T2T2) ■ 

A computation, similar to the one above, shows that 

(A;i2 = 0) n = ^34 + £"45 + 3^14 + 3^24 . 

Table 5 gives the zero divisors of these 12 polynomials. In Table 6 we list the factorizations 
of the bidegree (6,6) polynomials Pij — i^^Jpc on P-'^xP-'^. Using Table 5 one can compute 
the divisors {pij = 0) fl C°. For example, one finds that 

74 _ {aT)\l - - g + - r)(l - r + T^){aT - if 
Pc ~ cTM(cr- l)(r- l)(ar- 1) 

so, after homogenizing and using the notation from Table 5, we get: 

P35 = ^7735^1/2 . 

Thus we get: 

(P35 = 0) n = 4(L>i2 + Du + D24 + i^35) + ^13 + ^15 + ^23 + ^25 + ^34 + 2L>35 + ^45 ■ 
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In this way one can determine the divisor (p^ = 0)r\C^ for all ij. One finds, quite remarkably, 
that they can be written as: 

{Pij = Q)nC^ = Db + 5Dij , 

where the divisor does not depend on ij and is given by: 

Db = 4(Di2 + Du + D24) + ^13 + + D23 + D25 + Du + + D45 , 

so it is the sum of the 10 divisors D^j, but the ones corresponding to the singular points of 
C° have multiplicity four. 

Given I e C^, at least one of the Trij{l) is obviously non-zero. Thus the zeroes of the common 
factor pc as well as the contribution coming from the common zeroes of all pi/s are artefacts 
of the parametrization. These common zeroes are the 10 • 2 = 20 points in Di, and these 
correspond to van Geemen lines. To find the fifth powers of the Pliicker coordinates of 
these points, one must take a limit on the curve (alternatively, one can use the explicit 
parametrizations of these lines given in equation (1.6)). The surface parametrizing the 
families of lines in all Ai^ is thus a (Z/5Z) ^-covering of the blow up of dP^ in the 20 
points of Db- 

An important consequence of our computations is that the mcromorphic functions T^^j/i^pq 
have zeroes of order 5 in the two points in D.ij and have poles of order five in the two points in 
Dpq since the (apparent) common zeroes of both cancel. These poles and zeroes correspond 
to van Geemen lines. 

To be precise, if Z is a line which has = 0, then it also has 7ipq{l) 7^ for some pq and 

thus T^lj{l) / T^pq{l) = 0, which shows that I corresponds to a point in Dij on C^p, hence I is a 
van Geemen line. 

4.2. The 125:1 cover of 

We will now describe the Riemann surface C^p more precisely. We will use the construction 
of Riemann surfaces by means of polynomials QnT"" + + . . . + (?o where the Qi are 

meromorphic functions on a given Riemann surface. For example, the Fermat curve defined 
by X'^ + y" + = in is the Riemann surface of the polynomial + [x'^ + 1) where 
X is the meromorphic function on which gives the projective coordinate. 

As we showed in section 4.1, the meromorphic function Trf^/TTpg, viewed as function on C^, 
has zeroes of order 5 in the two points in D^j and it has poles of order five in the two 
points in D^q and is holomorphic, with no zeroes, on the rest of C^p. We define the following 
meromorphic functions on and respectively: 

fij := 7rjj/7r45, := (71^^/7145)^ = Pij/Pib ■ 
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Notice that fij/ fpq — T^ij/T^pq, so we get all quotients of the Plucker coordinates from these 
fij. Obviously, fij is a root of the polynomial — gij. The other roots of the polynomial 
are the with a = 1, . . . , 4. 

The Riemann surface of this polynomial can be described as follows. Choose a coordinate 
neighbourhood which biholomorphic to a disc A C C, with e A and local complex 
chart Zx : Ux ^ ^ with Zx{x) = If a; G and gij has no poles or zeroes on Ux, this 
Riemann surface is locally the disjoint union of 5 copies of Ux- If x is a zero of Qij, we can 
write 

Qij = 4(1 + aiZx + a2zl + ...)• 

Restricting the open subset, we may assume that l-\-aiZx+. . . = for a holomorphic function 
h on Ux without zeroes and poles. On Ux the polynomial is — (zxh)^ = Yl^{T — C^Zxh), 
showing that the Riemann surface is still a disjoint union of 5 copies of Ux- Another way to 
argue is that the subset {{z, t) e A!^ : — z^} is a local model of the Riemann surface. This 
local model must be blown up in (0, 0) in order to get a smooth model. For the poles of Qij, 
which also have multiplicity five, one finds similarly that the Riemann surface is a disjoint 
union of 5 copies of Ux- We refer to [15] for these constructions of Riemann surfaces. 

Thus the fact that each zero and pole of gij has multiplicity five guarantees that the Riemann 
surface Xij of the polynomial — gij is an unramified covering of C^. Since the fij are 
meromorphic on C^, there must exist holomorphic maps 

C^p y ^ij ^ C ^ 

with the first map of degree 25. The second map, of degree 5, is obtained from the polyno- 
mial — Qij. By Mustafa's results, is a connected Riemann surface, hence also Xi 



I] 



IS 



connected. (Another way to see this is to notice that otherwise the polynomial — gij would 
be reducible. As its roots are the C^fij-, this would imply that there would be a meromorphic 
function hij on C^p with h^j = gij. Then hij would have poles, with multiplicity one, in only 
two points. Thus would be hypcrcUiptic. This is not the the map to induced 

by $ is the canonical embedding of C^.) 

This construction can be iterated by considering the polynomial — gpg on X^j, for example, 
or by considering the fiber product of the Riemann surfaces X^j and Xpq over C^. The main 
result is that can be obtained with this construction from three suitably choosen gij , for 
example, the gi^, i — 1,2, 3. We have already remarked that the covering is unramified over 
points in the D^. Over each such point, we have found 125 van Geemen lines. 

Unramified covers with group Q = (Z/5Z)^ correspond to normal subgroups K C 7ri(C^) 
of the fundamental group of C<^ with quotient 7ri{C^)/K = Q. We will discuss an algebro- 
geometric approach to the covers with line bundles in §6.4. 
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5. Special members of the Dwork pencil 

5.1. The case t/^ — 0, cp — oo 

Due to the relation defining in terms of ip, the case ip = corresponds to = oo. 
Tlie quintic tlireefold is tlie Fermat quintic, and we already discussed tlie lines on this 
threefold in the introduction. The curve Coo is the union of the 10 lines on dPs. Now we 
would like to describe C^o in more detail, using the description of the general as a, 125:1 
covering of defined by the polynomials — gij, with — Pij/p^^. 

First of all, we restrict our attention to the line £'15 C Coo, which corresponds to the curve 
a — in P^xP^. Putting cr = in all Pij, we notice first of all that as mis — c", we get: 

Pi5 = P23 = P24 = P34 = on . 
The restrictions of the other p^j are easy to compute, one finds: 

P12 = P25 = (t-1)(t^-T + 1), P23 = P35 = T^-T+1, P45 = -Pl4 = (r+l)(T^-T+l) . 

Thus we get a 25:1 covering of E15 = P^, with coordinate r, given by the two polynomials 

+ T - 1, + r + 1 . 

The first polynomial has a zero, of order one, in r = 1 and a pole, of order one, in r = 00. 
The Riemann surface we get is the 5:1 cyclic cover of P^ totally branched over these points. 
In particular it is a P^ with coordinate t satisfying = t — 1. Substituting this in the other 
polynomial, we get the polynomial f/^ + + 2, which defines (up to rescaling) the degree 
5 Fermat curve. Using the ^5 action, we find that Coo is the union of 10 Fermat curves of 
degree 5, as expected. 

Now we consider the lines parametrized by the component of Coo lying over Ei^. We already 
observed that for a line / in this component we have 7Tij{l) = for ij = 23,24,34 since 
these Pij are zero. So if I is spanned by x,y then (2:2, 0:3, 0:4) and (2/2,2/3,2/4) are linearly 
dependent, hence we may assume that y — (2/1, 0, 0, 0, 2/5). As I C Mo we get yf + y^— 0, so 
we can put 2/1 — ys — C"- As also pis = 0, the vectors (xijX^) and (2/1,2/5) are dependent 
and substracting a suitable multiple of y from x we see that x — (0, 2:2, X3, X4, 0), and still 
/ = (x.y). As / C Aio we get X2 + x^ + x\ = 0, which, after permuting the coordinates 2 
and 5, gives the family of lines parametrized by the quintic Format curve described in the 
introduction. Thus we succeeded in recovering the lines on the Fermat quintic threefold with 
our description of C^. 

5.2. The cases = 1, (p^ = 125/4 

In case t/j^ — 1, the threefold M.^ has 125 ordinary double points and has been studied 
extensively in [16]. For convenience, we will take i/j — 1^ (p — 5-\/5/2, the other cases are 
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similar. A computation shows that the corresponding curves acquire 6 more ordinary 
double points. Since each double point lowers the genus by one, the desingularizations, 
which we denote by to distinguish them from the (singular) curves in dPs, are thus 
isomorphic to P^. 

The Trfj, which are functions on C°, are now fifth-powers of functions on C°. Hence the 
125:1 cover dtp of Ci^i given by the polynomials — ij^ij / "^^b)^ i is the union of 125 copies of 

This corresponds to the fact that M.i contains 125 quadrics, each isomorphic to P^xP''^. 
Each quadric has two families of lines, given by the {x} x P^ and P^ x {x} where x runs 
over P^. Thus we get 2-125 families of lines parametrized by P^ in A^i. These correspond 
to the components of the coverings C^p of the C^p with ip^ = 125/4. 

We will first discuss the lines on one of the quadrics, denoted hj Z, in Aii. We also give 
explicitly a (complicated) map from P^ to which is a birational isomorphism. One can 
then check that the fifth powers of the Pliicker coordinates are now indeed fifth powers on 
C°, hence the cover becomes reducible. 

The threefold Aii has 125 ordinary double points, they arc the orbit of the point q := 
(1, 1, 1, 1, 1) under the action of Q. In the paper [16] it is shown that there are 125 hyperplanes 
(i.e. hnear subspaces P^ C P^), which form one ^-orbit, each of which cuts Mi in a smooth 
quadratic surface and a cubic surface. To see such a hyperplane, one writes the equation 
(1.1) for Ml as a polynomial in the elementary symmetric functions in xi, . . . jX^: 

5 

Si ^Xi , S2 := ^ XiXj , . . . , 55:= X1X2X3X4X5 . 

1=1 i<j 

The equation is then 

Ml : S2S3 + si (s4^ - si - S1S3 + sls2 - ^s{^ = . 

Thus the hyperplane H defined by si = cuts A^i in the surface defined by S2S3 = 0. One 
verifies that the quadric Z C Mi defined by si = S2 = is a smooth quadric in H = 
In H we have X5 — —{xi + . . . + X4), hence 2s2 — (^ XiY — ^ a;^ restricts to —2 ^j<j XiXj. 
Hence 



Z = I {xi,...,X4) eF^ : 



X ^ X j — 



First of all, we are going to find the van Geemen fines in Z. Recall that these are the lines 
which are fixed under an element of order three in ^5. Taking this element to be (123), we 
thus try to find a constant b such that the line, in H, parametrized by 



u 



(1, a;, cu^, 0, 0) + V (1, 1, 1, 5, — (6 + 3)) = (u + v,u!u + v,u!'^u + v,bv, —{b + 3)v^ , 
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lies m. Z d X. Next we impose S2 = and we find the condition: 

62 + + 6 = 0, hence 6± = -3 ± \/^ ^ 

and we get two Unes l± in Z which meet in the point (1, a;, a;^, 0, 0). From this one easily 
finds the other van Geemen lines on Z. 

The surface Z is a nonsingular quadric in hence is isomorphic to P^xP^. We wish to 
parametrize Z and this parametrization is simplified by making an appropriate choice of 
coordinate on the first P^, which we regard as the curve C^p that parametrizes the lines. The 
group A^i which is isomorphic to the icosahedral group, acts on C^p and it is convenient to 
choose a coordinate z adapted to this action. In the standard discussions of the automorphic 
functions of the icosahedral group [17, 18] one considers the projection of an icosahedron on 
to the circumscribing sphere and then the further projection of the image onto the equatorial 
plane, taking the south pole as the point of projection. There arc thus two natural choices 
of coordinates, depending on whether the orientation of the icosahcdon is chosen such that 
the south pole coincides with a vertex or the image of the center of a face. The standard 
treatments place a vertex at the south pole. We shall refer to this choice of coordinate, 
w, as the icosahedral coordinate. It can be checked that the 10 van Geemen lines of C<^ 
correspond to projection onto the circumscribing sphere of the centers of the faces of the 
icosahedron, or equivalently, to the vertices of the dual dodecahedron. For our purposes, it is 
therefore natural to work with a 'dodecahedral coordinate' z that corresponds to aligning the 
icosahedron such that the south pole of the circumscribing sphere corresponds to a vertex of 
the dual dodecahedron. The two coordinates may be chosen such that the relation between 
them is 

w^w + l 

ooz = , 

w - 

where denotes the w-coordinate of the dodecahedral vertex at the north pole of the 
circumscribing sphere. This can be chosen to be 



= ^ (3 + V5+ -^6(5 + ^5)^ . 



It is convenient to fix a primitive 15-th root of unity 77 = e^'^*/^^. Then we also have a fifth 
and a third root of unity, (,uj respectively, and expressions for y/b and Woo- 

C :^ T]^, oj:^rf, = 1 + C + C"\ w^o = -27^ + rf - r]'^ + r]^ - r] + 2 . 

Using the van Geemen lines, it is easy to find the following parametrization T : PxP^ — > Z, 
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where we reinstate the coordinate for symmetry reasons, 



T : {z, u) I — > 



















\x, J 





\ 



3) cuz + 5b 

cuz +5u + oudz + 5 
cuz + 5uju +dz +5 

bcuz —5(6 + 3) 

cuz + Buu'^u + Lo^dz + 5 



where we make use of the following coefficients: 



c 
d 



— —r]' 



rf — 2ri^ + vi^ — rf — 2rj , 



-2rf + r)^ - 277^ + 2rj^ -2rf -2r] + 2 , 
-lOr/^ + lOr/^ - IQrf + 5 , 



in particular, 6^ + 3& + 6 = 0. For fixed z, we have a map — )■ Z whose image is a line 
in Z parametrized by u. One can check that the action of ^5, which has generators of order 
2, 3 and 5, on the coordinates xi, . . . ,^5 corresponds to the action of the following Mobius 
transformations : 



M2{z) := -l/z, Ms{z) 



U!Z, 



M^iz) : = 



{(wl + l)z + {C-l)oo'w, 
{C-l)ujw^z+{C + 



where the order 5 transformation M5 is simply the transformation w ^ (^w, when written 
in terms of the icosahedral coordinate. 

The polynomial whose roots, together with z — and z — 00, correspond to the dodecahedral 
vertices is 

8 z""^ - 57^5 z^^ - 228 z^^ - 494^5 z^ + 228 z^ - 57^5 z^ - 8 . 
The van Geemen lines correspond to the nine pairs of roots {z*, —1/z*} together with {0, 00}. 
For the Mobius transformation Mk one has 

Im,{z) = Qkilz) , with h {r{z,u) eF^:ueF^}, 

where, in this context, 

Qk = (14)(25), (253), (54321) for A; = 2,3,5 . 

The orbit of the line Iz, with z = 0, which is a van Geemen line fixed by (253), consists of 
20 van Geemen lines. 

On Ail there are also lines fixed by an element of order five in ^5. These are the lines that 
cause the extra double points on C<^. The element of order five (12345) G A5 has five isolated 
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fixed points in P^, four of which lie on Z — H f] M.i, in fact they are singular points of Ali. 
They are, for i = 1, . . . , 4: 

Qi ■= (Ci )i<j<5 , {{Qi,Q2,q3,q4} C Sing(A^i)) . 

One easily checks that Xqi + /iq^ + vq^ lies on Z only if = or i/ = and thus the lines 
Xqi + iiq2 and \qi + z/ga do lie in Z. So the intersection of the spanned by g'l, ?3 with 
the quadric Z consists of two lines, each of which is spanned by two nodes: 

52, ga) n Z = (gi, ga) U (gi, gs) . 

Both of these lines are invariant under the 5-cycle (12345) G S^^ and similarly we get lines 
(g2, q^) and (gs, q^. The two lines (gi, ga), (gs, q^) on Z are fixed by the 5-cycle and they do 
not intersect, hence they arc from the same ruling. Applying ^5, wc get 12 lines, actually six 
pairs, with a stabilizer of order five in each ruling. These create the 6 double points in C^p. 

We now briefiy discuss the curve C° and a parametrization. The curve C° has 6 more 
ordinary double points where (a, r) take the values 

(±^(1 + V5), ±J(1 + V5)) , (±J(l + v^), ^(3- V5)) and (^(3 - v^), ±^(1 + Vs)) , 

where, in the first expression, the same sign is chosen for each component. 
A parametrization of C° is given by 

F ^ C;, (a,r) = (i?i(z), i?2(^)) 

with rational functions 

20z^ + (15 - 2(/?)z3 + 3(5 + 2ip)z'^ - (15 - 2ip)z + 20 
^^^^'^^ - 6z(5^2 + 2^z - 5) ' 

In particular, one has Fj^{Ri{z), R2{z)) — for all z. 

The ^5-action on C° lifts to an action of A5 by Mobius transformations on P^. Generating 
transformations are the same ruk s& given earlier and one has 

(Ri{mk{z)), R2{mk{z))^ = gk{Ri{z), R2{z)) , 

where again, 

Qk = (14)(25), (253), (54321) for A; = 2,3,5 . 

This parametrization can be found using the ^5-action. The coordinate function a is known 
to be the quotient map by the subgroup generated by (12) (34) and (13) (24). Since we require 
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the map to be equivariant, the points in 2; e which are zeroes/poles of Ri must correspond 
to van Geemen hnes and these are fixed points of order three. As also the fiber over R^^{1) 
must consist of such fixed points, the Ri are easily found. 

The points z — 0, z — 00 m¥^ are both mapped to the singular point (00, 0) e C° C P^xP-*^. 
Using Table 3 we find that these two points correspond to the divisor D14. The Mobius 
transformations 7712 and on P^ fix the set {0, 00} and this is indeed consistent with the 
fact that the permutations (14) (25) and (253) fix the index set {1, 4} and thus fix the divisor 
Di4 on C^. As A5 acts transitively on the set of 20 points which are in UDij, the ^5-orbit 
of G P^ consists of the 20 points which map bijcctively to this set. 

The two fixed points of in P-^ map to the singular point (— |(1 + V^), |(3 — v^)) in 
The ^5-orbit of any of these points is a set of 12 points, each a fixed point of an order 5 
element in ^5, which maps to one of the other six 'extra' singular points of C°. 

Finally we consider the fifth powers of Pliickcr coordinates of the lines parametrized by C^. 
These functions are given by the polynomials Pij{(Ji,(J2,Ti,T2) listed in Table 6. We pull 
them back to P^ along the parametrization, so we take homogeneous coordinates {z, w) on 
P^ and we consider the 10 polynomials 

Pij{z,w) := Pij{Ri^n{z,w), i?2,n(^,w), i?i,d(^,w), R2,d{z,w)) 

where we introduced 

Ri{z,w) := w^Ri{z/w) = Ri^ri{z,w)/Ri^d{z,w) 

and the Ri^n{z,w), Ri^d{z,w) are homogeneous polynomials of degree four. As Pij is homo- 
geneous of bidegree (6, 6), the polynomials pij are homogeneous of degree 6 • 4 + 6 • 4 = 48. 
Using the results from Section 4.1 and the fact that we are now on a P^, the divisor D^, 
which has degree 38, is now defined by a homogeneous polynomial Pb{z, w) of degree 38. 
Each of the pij is divisible by pb with quotient qij which is homogeneous of degree 10. We 
know that each (jij has two zeroes, with multiplicity 5, in the two points of Dy. We checked 
that this is indeed the case. 

In fact, we verified that the point (. . . , qij{z), . . .) G P^ is the point (. . . , nijilzY , . . .), the 
point whose coordinates are the fifth powers of the Pliicker coordinates of the line C 
Each 'Kij{lz) is easily seen to be a quadratic polynomial in z. 

Thus the parametrizations of Z and are compatible and the 2 ■ 125 families of lines on 
the 125 quadrics in A^i are the limits of the two families of lines on the general 

In particular, the curve is now reducible, having 125 components, the desingularization 
of each component is a P-*^. Moreover, the Pliicker map from C^p to the Grassmannian in P^ 
is given by 10 degree two polynomials on each of the components, the fifth power of these 
polynomials are the qij. 
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We checked that the 125 components of intersect as follows. On each component there 
are the 12 fixed points of certain elements of order five in ^SsXi^. In each such point, exactly 
two components meet and moreover, distinct components only meet in such fixed points. 
Thus Cip has (125 • 12)/2 = 750 ordinary double points. 

This allows us to compute the arithmetic genus PaiC^) of the curve Cipi since 1 — Pa{C^) is 
the Euler characteristic of the intersection graph of the components of C^. This graph has 
125 vertices and 750 edges, hence it has Euler characteristic 125 — 750 = —625. Thus indeed 
Pa{C^) = 626, as expected. 

5.3. The case ip = oo, (p"^ = -3/4 

In case ip — oo the threefold is defined by xi • • • = 0, so it is the union of 5 hyperplanes. 
The corresponding curves become reducible, in fact the polynomial has 5 factors for 
these values of cp: 

F+ = {a + uj'^){t + uj'^){aT + uj){aT + cua + uj'^){aT + CUT + cu"^) , 

and F_ is obtained by a; u;^. These factors are also factors of Zi, ^2, ^12, ^i4 and /c24 
respectively (see Table 5). The components of these C<^, and their classes in Pic(dP5), are 
discussed at the end of Section 6.1. Each component of Cip parametrizes lines in one of the 
hyperplane Xi = in M.^, these and Xi respectively. The cover — y C^p 

is non-trivial in this case and we will not analyze it any further here. 

For example, assume that we are on the component where a = —bj^. Recall that the 
Pij(—uj^,T) are, upto a common factor, the 7^J^^■(— o;^, r). These polynomials are listed in 
Table 6 and one finds that 

Pij{-u^,T) = for ij e {13,23,34,35} . 

Thus this component of C^p parametrizes lines / which have 71^3 (/) = for all i. Such a line 
/ lies in the hyperplane 0:3 = 0, because else we may assume that / = with ,X3 ^ 0, in 

which case we may assume that 1/3 = and moreover one Hj, j ^ must also be non-zero, 
but then nj^ 7^ 0. 

Moreover, after dividing the six non-zero polynomials Pij{—u:'^,T) by a common factor of 
degree 3, the quotients %(t) are degree two polynomials in r. Define 

ni :— T -\- {ui — 1) /2>, n2 '■— T + uj — 1, :— t + ou + 1, n5 :— t — ou — 1 . 

Then we have, for i,j G {1, 2, 4, 5} and qij = else, that for certain Qj G C, 

Qij = CijUiUj, and (. . . ,pjj(-a;^, r), . . .) = (. . . , ^^^(t), . . .) (c P^) . 
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6. Appendix 



6.1. The Picaird group of dP^ 

We recall the basic facts on the geometry of the quintic del Pezzo surface dPs. We will use 
some more advanced algebraic geometry in this section to put the results we found in a more 
general perspective. 

It is most convenient to view dPs as the blow up of in four distinct points, no three on a 
line. One can then choose coordinates such that these four points are 

pi = (1,0,0), p2 = (0,1,0), p3:= (0,0,1), p4:= (1,1,1). 

The blow up map --■>■ dPs is given by the cubic polynomials which are zero in the pi. 

There is an obvious action of by automorphisms of dPs induced by permutation of the 
coordinates. The action of ^3 extends to a linear action of ^4, the subgroup of PGL(3, C) = 
Aut(P^) which permutes the four points. In fact, the map 

(734 : P^ — ^ P^ {x:y:z)\ — > {x-z,y-z, -z) 

fixes the first two points and exchanges the last two. Finally the standard (birational) 
Cremona transformation 

(T45 : P^ — > P^ {x,y,z) I — > (a;"\ 2;"^) = {yz, xz, xy) 

induces another automorphism of dPs, which together with the ^4 generates a group iso- 
morphic to ^5 and (S5 = Aut(dP5). 

The quintic Del Pezzo surface dPs has 10 exceptional divisors, which we denote by Eij = Eji 
with 1 < i < J < 5. The divisors E^^ are the exceptional divisors over the points Pi and 
the Eij, with 1 < i < j < 4 are (somewhat perversely, but this helps in understanding 
the intersection numbers) is the strict transform of the line lij spanned by Pk and pi, with 
k, 1} — {1, 2, 3, 4}. So the pull-back of the line kj in to dPs has divisor Eij + Ek^ + Ei^ 
and, for example, I12 is defined by x — y — 0, I24 is defined by y = 0. In particular we have 

Eij = I - Ek5 - Ei5 (e Pic(dP5)) . 

With these conventions, the intersection numbers are 

£;J = , EijEik = if ^{i,j, k}^3, EijEki = 1 if k,l}^4. 

The intersection graph of the Eij has 10 vertices and 15 edges, each vertex is on three edges. 
This graph is known as the Petersen graph and is presented in Figure 2. 



35 



Figure 2: The Petersen graph, which summarizes the combinatorics of the inter- 
sections of the exceptional divisors Eij . In the figure, the exceptional divisors cor- 
respond to vertices and their intersections correspond to the edges. 



Let / G Pic(dP5) be the class of the pull-back of a line in P^. One has P = +1. Then the 
canonical class K^-p^ of dPs is determined by 

-Kjp^ = 3/ - Ei5 - E25 - Es5 - ^45 (e Pic(dP5)) , 

we have {—K^-p )^ = 9 — 4-1 = 5. In particular, the anti-canonical map of dP^ is induced 
by the cubics on the four nodes of C^. One also has 

Pic(dP5) = Zl ® ZE15 © ZE25 © ZE35 © ZE45 . 

The action of 1S5 on Pic(dP5) is as follows. The permutations which fix 5 are induced by 
linear maps on P^ and thus act by fixing / and permuting the indices of the Eij. The 
transposition (45) is induced by the Cremona transformation. The pull-back of a line is a 
conic on Pi,P2,P3, thus (T45Z = 21 — Ei^ — E25 — -E35 and the image of the line on Pi,Pj is the 
point pk, with {i,j, k} = {1, 2, 3} so crl^E^^ = I — Ei — Ej. The point p^ = (1, 1, 1) is mapped 

to itself, so 0"*i?45 = i?45. 

The Picard group of P^xP^ is generated by the classes of the divisors a = and r = 0. The 
holomorphic map $ : dPs — t- P^xP^ induces the pull-back homomorphism 

(a = 0) ^ Ei5 + E24 , 
(r = 0) ^ E23 + Eu . 



$* : Pic(P^xP^) — y Pic(dP5) , 



Notice that the curve Ei^ maps to cr = under $, but the point (0, 00) on a = is blown 
up, so its exceptional divisor £'24 contributes to = 0). In the standard basis of Pic(dP5) 
we have 

(a = 0) ^ + E24 = I - E35 , 

(r = 0) ^ E23 + Eu = 21 - - E2, - E3, - ^45 , 
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showing that o", r are related to hnes through the point ps and conies on the four points 
Pi,...,P4 in P^- 

The curves of bidegree (n, m) in P-'^xP^ pull-back along to curves with class n{l — £'35) + 
m(2Z — E'js) in Pic(dP5) . In case a point p which gets blown up is a point with multiplicity 
r on a curve, its pull-back to dPg is reducible. One component is the exceptional divisor 
over p, which has multiplicity r, and the other is called the strict transform of the curve. In 
particular, a curve of type (2, 2) which passes through all three points which get blown up 
with multiplicity one thus has four components, and its strict transform has class 

2{l — E25) + 2(2/ — ^ Ei^) — E12 — Eu — -E24 ■ 

i 

Using that E^j — I — Ej.^ — E15 we find this class is equal to: 

3/ — £^15 — £^25 — -E'35 — -£■45 — "-^dPs " 

Thus we see that the rational map ^ from Section 3 induces the anti-canonical map on dPs 
and it is known that this map embeds dPs in P^. 

The curves C° have bidegree (4, 4) and they have multiplicity 2 in each of the three points 
which get blown up, hence their strict transform in dPs has class —2K^p^. It is easy to 
verify that the sum of the 10 exceptional divisors also has this class: 

Eij = 6/ — 2Ei5 — 2E25 — 2^35 — 2^45 = —2K^p^ . 

i<j 

As the (reducible, singular) curve UE^j is also ^5-invariant, it should be in the Wiman pencil, 
and in fact it is Coo- 

As each has class —2K^-p , the intersection number of two such curves is (— 2fCjp )^ = 
4 ■ 5 = 20. Thus the Wiman pencil has 20 basepoints. We already found 2 ■ 10 = 20 points 
in the divisors D^j in the base locus, so the base locus is the union of the ten D^j. 

6.2. The case ip = 00, Lp^ = —3/4 again 

We now give a more intrinsic description of the curves with c/?^ = —3/4 from Section 5.3. 

In Section 5.3 we found that the curves C^p with c/?^ = —3/4 have 5 irreducible components, 
the first two of bidegree (1, 0), (0, 1) respectively, the last three of bidegree (1, 1). Only the 
last three curves pass through the base points (1, 1), (0, 00) and (00, 0): each contains two 
base points and each base point is on exactly two components. The class of the component 
of bidegree (1, 1) passing through (1, 1) and (0, 00) is 

{I — £35) + (2/ — £15 — £25 — -£'35 — -£'45) — -£'12 — E2A = I — E25 , 
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and similarly, the components passing through (oo, 0), (0, oo) and (1,1), (oo, 0) are I — £'45 
and I — Ei5 respectively. Thus the classes of the strict transforms of these components are: 

I — -E'15, I — -E'25, I — I — -E45, 2/ — (£"15 + . . . + £45) . 

These five classes are in one orbit under (in fact under S5), and they correspond to the 
5 coordinates on P^, as we also found in Section 5.3. 

The 5 components are not uniquely determined by their classes. In fact, each class determines 
a pencil of curves. The first four correspond to the pencil of lines through the point pi and 
the last to the pencil of conies on pi, . . . ,p4. We will now use the action of S5 on dPs to find 
two specific curves in these pencils. 

Each pencil is fixed by the subgroup, isomorphic to S4, in ^5 which fixes the class. Thus 
an element g of the S4 corresponding to the pencil maps a curve in the pencil to another 
curve in the pencil. For example, the pencil of conies on pi, . . . ,p4 is fixed by the standard 
S4 G S5. A conic C(A,^), with {x,y) e P^, from this pencil has equation 

X{x — z)y + ix{y — x)z — . 

There are three reducible conies in the pencil, (x — z)y = 0, {y — x)z = and {z — y)x = 
— {x — z)y — {y — x)z, these consist of pairs of exceptional curves. If g E lies in the Klein 
subgroup /C := ((12)(34), (13)(24)), then one verifies easily that g maps C(a,^) into itself. 
Thus the action of S4 on P^ factors over quotient 54//C = 53. The element (123) G S5 maps 
onto a generator of the subgroup A3 of the quotient group S^. It acts on the pencil as 

X{x - z)y + iJi{y - x)z 1 — )■ \{y — x)z + ^{z - y)x = -/^(x - z)y + {X- iJ,){y - x)z, 

in particular, it has two fixed points (A,/i) = (1, —u), (1, — w^). 

Thus the 5 classes above give 2-5 = 10 curves in dPs which we denote by D^a, D^,, i = 1, . . . ,5. 
Upto permutations of a, b, the two curves UjCja and UiCn, are invariant under the action of 
A5 and they are the C^, for cp'^ — —3/4. 

It is interesting to notice that the action of 5*4 on the five pencils shows that the five maps 
from to P^ they define are actually (Z/2Z) ^-quotient maps. For example, from Table 1 
one finds that (12) (45), (14) (25) e ^5 act as 

on P^xP^. Thus they fix a, hence they act on the fibers of the projection map {a, r) 1— ?> a. 
So this projection map is invariant under the Klein subgroup ((12)(34), (13)(24)) of S5. As 
the map has degree four, it follows that the quotient of C° by this Klein subgroup is P^, 
with quotient map a. 
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6.3. From to x P^ and back 



In Section 3 we obtained dPs as the blow up of P^xP^ in three points. Blowing down the 
four exceptional curves Ei^, . . ., £'45 on dP^, we get P^. The composition of these maps is a 
birational map between P^xP^ and P^. To find it, we observe that $* acts on the following 
divisors as: 

(a = 0) ^ Ei5 + E2A , (r = 0) ^ ^23 + , 

((7 = 00) I — > Eu + E25 , (r = 00) I — > Eis + E2A , 

((7 = 1) ^ E12 + £^45 , (r = 1) ^ E12 + £^34 • 

Thus the function a on P^xP^ corresponds to the pencil of lines in P^ passing through the 
point p3 = (0, 0, 1) and in fact the meromorphic function y/x on P^ gives the same divisors 
on dPs- Similarly r corresponds to the pencil of conies in P^ passing through all four pi and 
its divisors match those of the meromorphic function x{y — z)/y{x — z) on P^. Therefore the 
birational map from P^ to P^xP^ is given by 

y x{y - z) 

(7 = - , T = — r . 

X y[x — z) 

As then y = ax, one finds upon substitution in r = x{y — z)/y{x — z) and some manipulations 
that 

X :— ar — 1 , y '■— cr{aT — 1) , z :— (t{t — 1) . 

gives the inverse birational map. These three polynomials are linear combinations of the 
polynomials zq, . . . ,z^ from Section 3, thus this map factors indeed over dPs. 

It is amusing to verify that this works as advertised: take for example the curve defined by 
(7 = on P^ xP^, it maps to the exceptional divisor Ei^ in dPs according to Table 3, and thus 
it should map to the point pi — (1, 0, 0) e P^, which it does: {x, y, z) — (—1, 0, 0) = (1, 0, 0). 
Conversely, the line ^24 spanned by pi,p3 maps to £"24 in dPs and next £'24 is mapped, 
according to the same table, to the point (0, 00) in P^xP^. Indeed, ^24 is parametrized by 
(a : : 6) and thus a — y/x — and r = xiy — z)/y{x — z) — —ab/0 — 00. 

The curve C° in P-'^xP^ is defined by = 0. We found polynomials fe,fo in such 
that 

{xy{x - z))^F+ _ = {xy{x -y)Y{fe{x,y,z) - ^fo{x,y,z)) . 

Thus the equation for the image of C° in P^ is: 

fe{x,y,z) - ipfo{x,y,z) = . 

This equation is homogeneous of degree six, it has an even and an odd part (under the action 
of 5*3 which permutes the variables) , where 

fe = 28131 - 6slss - 6sl + I9S1S2S3 - 9sl , 
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and the Si are the elementary symmetric function in x,y,z: 

Si :— X + y + z , S2 := xy + xz + yz , S3 := xyz . 
The odd part is 

fo := 2xyz{x - y){x - z){y - z) . 

In particular, any odd element in 55 maps to C-^p, as we have already seen. The singular 
locus of the curve defined by /e — </?/o = in consists of four ordinary double points in 
Pi,...,P4. We refer to [19] and [20] for more on the intimate relations between dP5 and 
genus six curves. 

6.4. The restriction map Pic(dP5) Pic(C<^) 

Let C be compact Riemann surface of genus and let Div(C) be the group of divisors 
on C. The Picard group of compact Riemann surface C is the group of divisors on the 
surface modulo hnear equivalence. So if -P(C) denotes the group of divisors of meromorphic 
functions, then 

Pic(C) = Div(C)/P(C) . 
Since a divisor D is a finite sum of points, with multiplicities, it has a well defined degree: 

deg : Div(C) — > Z, D — ^^^pp 1 — )■ ^^JT-p ■ 

p p 

As a meromorphic function has the same number of poles as zeroes (counted with multiplic- 
ity), one can define a subgroup Pic°(C) of Pic(C) by: 

Pic°(C) := Div°(C)/P(C) . 

By Abel's theorem, Pic°(C) = Jac{C), the Jacobian of C, which is the (7-dimensional com- 
plex torus defined as the quotient of by the period lattice, that is, fixing a basis Ui, . . . ,Ug 
of the vector space of holomorphic 1-forms on C, the period lattice consists of the vectors 
(J^cui, . . . , j^ojg) where 7 runs over all closed loops on C. These groups fit together in an 
exact sequence: 

Pic°(C) — > Pic(C) ^ Z ^ . 

As we have seen in section 4.2, a divisor whose class has order n in Pic°(C), so nD is the 
divisor of a meromorphic function / will define an unramified n:\ cover of C. As Pic'^(C) 
is a complex torus, it is isomorphic, as a group, to (M/Z)^^. The classes D with nD = 
are thus a subgroup isomorphic to (Z/nZ)^^. In particular, if C = C,^ and thus g = 6, and 
n = 5 we get a subgroup (Z/5Z)^^ of five-torsion classes, whereas the subgroup of Pic°(C<p) 
generated by the Dij — Dki is a (Z/5Z)^, since the covering defined by the ^b/^ is ^ C^, 
has degree 125 (here gij has divisor 5{Dij — D45) as in Section 4.2). 
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We will now identify the specific i^j^l^f' C Pic'^(C) which creates the covering — ^ Cip. It 
turns that there is a quite naturally defined subgroup of Pic(C(^), which is a priori unrelated 
to the Dwork pencil, but which arises as a consequence of the special position of the curves 
in dPs- 

The inclusion of C^p in the del Pezzo surface dPs induces the restriction map (a homomor- 
phism of groups) 

i* : Pic(dP5) Pic(C<^) , with i : ^ dP^ . 
Applying the adjunction formula, we find the canonical class on C^: 

Kc^ = ^* {C, + i^dpj = ^* (-^dP.) 

where we used that the curve C,^ in dP5 has class —2K^p . In particular, the composition 
^ dP5 ^ is the canonical map. As it is an isomorphism on its image (by definition 
of C(^), the curves are not hyperelliptic. 

The degree two divisor Dij was defined as the intersection divisor of the line Eij C dP5 with 
the curve C dPs, hence 

The group Pic(dP5) = has Z-basis £"15, . . . , E45. As I = E^j + E^g + Ei^, where 
{i, j,kj} = {1, . . . , 4}, we see that the divisor i*l has degree 6 and the i*Epq = Dpg have de- 
gree two. Thus the image of the composition of i* with deg : Pic(C) — > Z is the subgroup 2Z 
and the kernel of this composition is isomorphic to Z^. We denote this kernel by Pic(dP5)°: 

Pic(dP5)° := ker(deg o i*) = ®\={Lai , 

where the Z-basis ccj of Pic(dP5)° is defined by 

= -Sis — -E'25, OL2 — E25 — -E35, Q!3 = E35 — E45, a4 = I — Ei5 — E25 — -E35 . 

As we have C<^ = —2K^p^ in Pic(dP5), the divisors on dPg which intersect in a divisor 
of degree form the subgroup , so 

Pic(dP5)° = K^p^ ^ {D e Pic(dP5) : D-K^p^ = 0} . 

We recall the well-known fact that the intersection matrix of the ctj is the Cartan matrix of 
the root system A4, up to sign: 



-2 


if 


1 


if 





else 
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We now have a homomorphism, induced by i*, but denoted by the same symbol, 

i* : Pic(dP5)° Pic\C) . 

As the ctj, i — 1,2, 3, are of the form E^j — Epg, their images i*{ai) are of the form D^j — Dpg 
which are elements of order five in Pic'^(C). Finally, using that I — £'34 + £'15 + E25, we see 
that 

a4 — I — £15 — £25 — = -£'34 + + E25 — (£15 + E25 + £35) = £34 — £35 ) 
hence i*{a4) — D34 — D45 is also 5-torsion. The image of i* is generated by the classes i*{aj)- 

im(i*) = (i:>i5 - D25, D25 - -D35, -D35 - -D45, -D34 - -D35 ) 

— {Di5 — D45, D25 — D45, i?35 — D45, D24 — ) . 

Thus im{i*) = (Z/5Z)"^ for some n < 4. There is a further relation between these classes, 
given by the divisor of the function ki4/lil2 (notice that wc take the quotient of two polyno- 
mials of bidegree (2, 2), so this quotient is a well-defined meromorphic function on C°). We 
use Table 5 to find the divisor (k^) of ku in Div(C^) (and we simply write I for 

(ku) := D23 + D25 + ^D24 + SDi2 

= (/ - - D45) + D25 + 3(/ - - D35) + 3(/ - D35 - D45) 

^71- 4^15 + D25 - 6^35 - 4L'45 

= 7(L'34 + + D25) - 4.D,5 + D25 - 6L>35 - 4.D45 

= 7^34 + 3^15 + 8D25 - 6D35 - 4^45 • 

Similarly, the divisor of h is: 

ih) - Di-i + D23 + Du + Ds5 

= (Z - L>25 - D45) + - D45) + Du + 

^21- Di5 - D25 + £'35 - 2D45 + D34 

= 2(D34 + Du + D25) - Di5 - D25 + D35 - 2D 45 + L>34 

= 3L'34 + i^l5 + ^25 + i^35 " 2L'45 ■ 

As {I2) = + D25 + + D45, the linear equivalence {ku) = (/i) -|- {I2) gives the following 
relation in Pic(C^): 

7L'34 + 3L>15 + 8L>25 - 6L'35 - 4L'45 = 3L>34 + 2L'i5 + 2D25 + 2L>35 - D45 . 
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Using 5D25 — in Pic(C<^) we get: 

4^34 = -Di5 - 6D25 + 8D35 + 3^45 = -Di5 - D25 + 3D35 + 3D45 (e Pic(C^)) . 
Now we write 4D34 = — -D34 + and use 5^)34 = in Pic(C<^) to obtain 

Ds4 = + D25 - 3^35 + 2^45 (e Pic(C^)) . 
This gives the following relation in Pic'^(C^): 

^34 - £'45 = (^15 - ^45) + {D25 - £'45) + 2(^35 - D45) . 

Therefore im{i*) C Pic°(C^) can be generated by three elements and thus n < 3. 

We give a table which gives the(ai, 02, a^) e (Z/5Z)^ such that the classes Cij := Dij — D45 — 
i*{Eij — £'45) can be written as aieis + 02625 + 03635. 



As we have seen, 5Dij — 5Dpq for any indices. Thus we have a rather peculiar divisor class 
of degree 5 • 2 = 10 in Pic(C^). This is actually the canonical class on C^. In fact, 



— i*{3l — Ei5 — E25 — E25 — E45) 

= 3(^34 + Di, + D25) - D,, - D25 - ^35 - D45 

= 3(2Di5 + 2^25 - 3^35 + 2^45) - ^15 - D25 - 1^35 " ^45 

= 5L>15 + 5L>25 - 10£>35 + 5L>45 

= 51^15 



where in the last step we used that BD^j — 5D15. 

To show that n > 3 and thus n = 3, we use the ^5-action on the subgroup im{i*) = (Z/SZ)" 
of Pic°(C(^). As A5 is a simple group, the image of A5 in Aut(im(i*)) is either the identity or 
isomorphic to A5. In the first case, by applying (23) (45) G A5 to -D12 — -D45 we would get that 
D12 — -D45 = -D13 — -D45 in Pic°(C(p) and hence that D12 — -D45 is the divisor of a mcromorphic 
function, which is not the case as is not hyperelliptic. Thus we obtain an injective 
homomorphism A^ GL{n, Z/5Z). If n = 1, this is impossible as > ]1\GL{1, Z/5Z) = 4. 
If n = 2, we consider the action of the subgroup {e, (12)(34), (13)(24), (14)(23)}, which is 
isomorphic to (Z/2Z)2. The eigenvalues of (12)(34) on (Z/SZ)^ are 1,1; 1,-1 or -1,-1. 
The first case is impossible since the homomorphism is injective and an automorphism with 



ei5 ^ (1,0,0), 625 ^ (0,1,0), 
612 ^ (2,2,1), 613 ^ (2,1,2), 
614 ^ (2,1,1), 624 ^ (1,2,1), 



635 ^ (0,0,1), 
623 ^ (1,2,2), 
634 ^ (1,1,2) . 



Kc, - ^*(-^dP.) 
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eigenvalues 1, 1 which is not the identity has order 5. The last case is also impossible since 
then either (12) (34) should commute with all other elements of A5 or the element would have 
order five again. Thus the eigenvalues are 1,-1 and we can diagonalize the automorphism. 
The same is true for the other two non-trivial elements in the subgroup. Since the subgroup 
is commutative, these three automorphisms can be diagonalized on the same basis. But 
then one of the automorphisms must be — /, which commutes with any other automorphism, 
again a contradiction. Therefore n > 3. 

We conclude that im(i*) C Pic^{Cyy) consists of the divisor classes which create the unram- 
ified 125:1 covering — )■ C^. So for any non-zero D G im(i*) there is a meromorphic 
function fo on with divisor 5D and the Riemann surface Cd defined by the polynomial 
— /d is a 5:1 unramified cover of which fits in a diagram ^ Cd ^ C^. The fiber 
product over of three suitably choosen Cd will be isomorphic to C^. Since the image of 
the curve C^ in the canonical embedding lies in a unique del Pezzo surface of degree 5 (see 
[20]), we have the remarkable fact that the curves C^ which parametrize the lines in Dwork 
pencil are intrinsically determined by the curves C^ in the Wiman pencil. 

In this section we have shown that i* maps Pic(dP5)'' = Q{A5) onto (Z/5Z)^. In terms of 
root systems, this map is well-known. The root lattice (^(As) is a sublattice, of index 5, 
of the weight lattice P{Ar,). Thus 5P{A^) is a sublattice, of index 125, of Q{A^) and thus 
Q{A5)/5P{A5) ^ (Z/5Z)3. The map i* can be identified with the quotient map QiA^) 
Q{A,)/5P{A,). 
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